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SUMMARY

A one-dimensional. analysls of the results of the parallel-jet
mixing encountered in the testing of englines In supersonic wind
tunnels is reported. Equations were derived for determining the
total pressure and Mach number bshind the btunnel terminal shock.
The method represents a simple procedure for determining these
quantities while a tunnel 1s still in the design stage. A specific
example of the method 1s Included.

INTRODU CTION

The results of mixing two streams of different temperatures,
pressures, and Mach numbers are of lmportance in the wind-tunnel
testing of engines. Tn a tunnel the exhaust gases of the engine mix
with the tunnel air. The effect of such a mixing upon the total
pressure and Mach number of the combined streams is of particular
interest. The evaluation of these effects as functions of englne-
performance parameters is of lmportance in determining the tunnel
power requlrements.

The present Investigatlon, made at the NACA ILewls laboratory,
is concerned with the analysis of the resulits of this mlxing process
by means of one-dimensional-flow equations. The analysis 1s
restricted to the case in which the area of the resultant stream 1s
equal to the sum of the areas of the original streams. As a result
of this restriction, the solution is made dependemt upon the
upstream conditions only. The existence of any area changes would
meke it necessary to evaluate any axial forces and include them
in the momentum equation. Such forces would be dependent upon the
strengths and positions of any shocks in the mixing region; these
in turn would be dependent upon the downstream static pressurs.
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The solution, when area changes exlst, is therefore dependent, for a
given set of upstream conditions, upon the downstream static pressure.

The solution as presented is also applicable to problems assoclated
with the mixing in long cylindrical ejectors and to any other problems
to which the restrictions made in the analysis apply. ‘

SIMBOLS

The Pfollowing symbols are used in thils report:

A stream cross-sectional area

Cp specific heat of alr at constant pressure

H  heating value of fuel, Btu/ib

K 93/, defined in eg. (9)

M Mach number

m, air flow through engine, 1b/sec

mp Tuel mass-flow rate, lb/seo

m; total mass-flow rate of two streams being mixed, Ib/sec
(mass of fuel not included)

P total pressure

P static pressure

T  +total temperature, °R

t static temperature, °R

X  defined in eq. (7)

Y defined in eg. (8)

o product of area and static pressure ratios of two streams being

mixed, Appp/A1p)

y ratio of specific heats for air

982
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AT across combustlon chamber
maximum possible AT

N combustion efficlency of englne,

6 ratio of static temperatures in streams being mixed, 'hz/tl
3 ratio of Mach numbers of streams being mixed, MZ/M]_

T ratio of total temperatures in streams belng mixed, TZ/Tl
M2 (1 + Z.%_l MZ)

2

)

Q a function of Mach number,
(1 + pff

Subscripts:

m measured value (fig. 6)

max maximim measured value (fig. 6)

0 conditions in engine inlet stream tube

1 conditlons in tunnel stream adjacent to engine exit station
2 conditions in exhaust stream at engine exit station

3 conditions after mixing

Superscripts:

' conditions behind normal shock (corresponding to unprimed conditions
of same subscript ahead of shock)

" conditions In resultant stream after heat addition in mixing
region (corresponding to quantities of same subscript before
heat addition)

MIXING EQUATIONS
berivation

The analyeils is restricted to the case of one-dimensiaonal flow,
where the area of the streams after mixing is equal to the sum of the
areas of the two streams being mixed (see sketch). The momentum
equation may contain no body force terms between the initial and
final stations at which the flow is uniform.
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The equétians relating conditions ‘before ‘and after the mixing
process are (since A, + Ay = Ag):

Momentum equatlian

?A (1 4‘7ﬂh?) + Pl (1l + 7M22) = pzAz (1 + ﬂﬁsz) (1)

Energy equation

sl (0 252 ) e nas e 252 )

I ry-1_.2

Continnlty equation

piAgMy  DPoAgMy  pafaMz

V& e

The assumption of comstant 7 and Cp was made in order to

avoid the necessity of a trial-amd-error solution. The valldity of
this assumption is discussed in appendix A.

(3)

The effects of viscosity in the boundary layer along the wall of
the channel (friction force) are neglected throughout this analysis.
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In most tunnels sultable for engine testing, thls force is small
relative to the pressure and momentumm changes of the maln stream.
The effects of viscoslty and turbulence im the mixing process are
irrelevant 1f conditions at station 3 are uniform, as assumed.

Division of each of eguations (1), (2), and (3) by its first
term ylelds ’

PzAz (1 + 7’3'132 )

1+ dX= . 4
p1fy (1 + 7’M12) ®

DzhAz~/tz M3(1 + Lz'—l— Msz)

1 + aEY~/6 = (5)
7y -1
PfvE Ml(l + Mlz)
ak PSASMS th
1+ = (8)
Vo pAM +/Es
h £, and 0 defined as “Z2 N2 ang 2 s1vel
where o, £, an are defined as Kﬁ’? i, an T’ respectively.
The parameters X and Y are defined as follows:
' 1+ 7EZM12
X = (7)
1+ 7Ml

Y= o (8)

Equations (4), (5), and (6) may be cambined to eliminate the
unkpowns pz and tz, leaving Mz as the only remaining unknown.

Multiplying equations (5) and (6), divid by the square of
W2 Q + Z%.l M2

equation (4), and setting =2 =¢ ylelds
‘ (1 + M°)
- aE
1+ aBY~/8)(1 + 25
(1 + -f-)( + 7 _‘P_S_K )
(1 + oX)2 9 \

which shall be designated the mixing equation.
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The known conditions at stations 1 and 2 and equation (9) are used
to find the value of @¢z. The function @ 1s plotted against Mach

number in figure 1. The curves show that for values of ¢ greater than
approximately 0.105, M 1s double-valued In ¢. The two values of M
are the supersonic and subsonic Mach numbers on elther slde of a normal
shock. Thls may be shown analytically from a solutlion of the equations
governing changes across & normal shock. As no restrictions were made
in the derivation, it is inferred that (for the subsonic solution)

the final conditions are independent of the order of occurrence of the
processes of mixing and shock. In addition, the existence of omly

two solutions for the Mach number after mixing lmplies independence of
the type of shock system in the mixing reglon.

To determine which value of Mz 1is physically correct, three cases
can be distinguished:

(&) The mixing streams are both subsonic. In this case the subsonic
golution Mz: 1is always the correct one, since the supersonic solution

will result in a net decrease in entropy.

(b) The mixing streams are both supersonic. In the mixing of two
supersonic streams both solutions are physically possible. The super-
sonic solution will occur when the canditions regquire that the back
pressure (static pressure after mixing) be low. If this back pressure
is high, shocks will exist in the mixing region and the resultant
gtream will be subsonic. Choice of the solution is therefore dictated
by the particular problem to which the results are applied.

(c) One stream is supersonic while the other is subsonic. In this
case the subsonic solution is always possible. The supersonlic solution
is valid in cases where the subsonic Jet i1s much smaller than the
supersonic stream. The existence of such a supersonic solution is
determined by an Investigation of the entropy change in the process.

If both solutions are possible, the choice 1s again dependent upon
the particular problem under consideration.

In meny instances the problem of mixing two streams of equal total
temperature (T = 1) will arise. Here, since 6 =<t /Y, equation (9)
reduces to

K = (ll++a£ux Y)Z (10)

When a solution for the Mach number after mixing has been obtalned
(either from eq. (9) or eg. (10)), substitution may be made in equations (4)
end (6) to find pz and t3, respectively.

vi8z
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Discussion

The complexity of the mixing equation makes it difficult to determine,
by inspection, the effects upan the resultant stream caused by variation
in the values of each of the nondimensional parameters. In an effort to
1llustrate scme of these effects, sample calculations for an M; of

3.0 were performed. The results are plotted in figures 2 and 3. The
subsonic Mach number after mixing Mz: 1s plotted in figure 2 as a

function of the parameter o <for a few chosen cambinations of & and
8. The total-pressure ratio P3,/Pl is plotted in figure 3 as a function

of the same independent variables, The combinations of ¥ and 6 were
chosen to illustrate separately the effects of different Mach numbers and
dlfferent static temperatures in the mixing gtreams. )

As seen In figure 2, mixing streams of different temperatures
(6 # 1) caused an increase in the subsonic Mach number after mixing
over the reference value (£ = 1, 6 = 1; normal-shock solution for
M = 3.0). Thie increase is greatest at « = 1, for any value of 6.

As o approaches O or =, the Mz: curves approach the reference line

asymptotically as would be expected, since these values of o Iimply
that the area of one of the mlixing streams is negliglble with respect
to the other.

The effects of mixing streams of different Mach number (& # 1)
are observed to vary greatly with the wvalue of &; however, a few
general conclusions about these variations may be stated. For any value
of &, the curve is asymptotic to the reference line as a approaches
zero, If a value of & > 1 18 used, the resulting curve rises to a
peek at some value of « less than unity. The curve then drops below
the reference line and approaches a value of Mz: asymptotically as

a approaches «, This value of Mz: 1is the subsonic Mach number
behind a normal shock at a Mach number M, (Mp = EMl). For £< 1,

the curves rise above the reference line and reach a peak at soﬁe
value of o larger than those values shown on the figure. (Differ-
entiation of the mixing equation with respect to o shows that the
curve of resultant Mach number has one peak for any values of ¥ and
9, except the combination & =1, 6 = 1.) As o approaches « these
curves are also asymptotlc to some Mach number Mz:. This value is

elther the subsonic Mach number hbehind a shock at Mach number Mo
(for 'My; > 1), or My itself (for M, < 1).

In the computations for the total-pressure ratios P3./P1, some

assumption had to be made concerning the variable «. Whlle the Mach
number curves (fig. 2) are quite general, the total-pressure-ratio
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curves depend upon the actual components of «, that is, upon Pz/Pl and
Az/Al (see oq. (4)). The ratio pz/pl was therefore arbitrarily chosen
to be unity, and hence «, in figure 3, represents the area ratio Az/Al'

For & = 1 and different static temperatures (6 # 1), the pressure-
ratio curves (fig. 3(a)) fall below the reference line, become asymptotic
to this line as o approaches 0O or «, and have a minimum point at
o = 1. The decrease in total pressure is due to the heat exchange between
the streams being mixed and the net entropy increase associated with this
heat exchange.

For & # 1 (unequal Mach numbers), the curves (fig. 3(b)) are
asymptotic to the reference line as o approaches zero. As o« increases,
the curves depart from the reference line, falling above or below 1t as
£ 1is greater than or less than unity, respectively. As a approaches
Infinity, these curves approach the values Pzt/Pl (for My = &My > 1)

or Pp/P; (for Mp< 1).

APPLICATION TO ENGINE TESTING IN SUPERSONIC WIND TUNNELS

The equations Just derived may be applied in the design of a super-
sonic wind tunnel In which engines are to be tested. In such a tunnel
the exhaust gases of the engine mix with the tunmel air; +this mixing
affects the values of the resultant Mach number and total pressure. The
evaluation of the resultant stream properties as functions of engine-
performance parameters is of importance in determining the power and
pressure-ratio requirements of the tunnel. The arrangement is
schematically illustrated In figure 4.

At the englne exit statlon, mean values of the flow properties of
the tunnel stream (station 1) are required for the one-dimensional
analysis. If AZ/AO is close to unity and the engine 1s operating at a

masgs-flow ratio of unity, these mean conditions may be taken as free-
stream conditions. More accurate mean values may be obtained, if
necegsary, by constructing the flow field past the outer surface of the

engline.

Flow properties in the exhaust jet at the engine exit (station 2)
may be evaluated as functions of engine-performance parameters (PZ/PO,
Mo, T). Again, the assumption of an engine operating at a mags-flow

ratio of unity is made. If the mass of the fuel is neglected, the
condition of constant mass flow ylelds the following relation between
englne pressure recovery, exhaust-jet Mach number, and total-temperaturse

ratio:

BTRY
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3 3
- 1 2 -1
(1+1——2 Mz) Rk, (:L+1—2 Moz) N
Mo Po 4o Mo e

(11)

If the geometry of the engine to be tested (M2 1s a function of exhaust-

nozzle geometry only) and T are known, equation (11) provides a means
of calculating the total pressure in the exhaust Jet.

Once the condltions in the exhaust Jet and the adjJacent tunnel
stream have been determined, use may be made of the mixing equation
(eq. (9)) to evaluate tunnel Mach number and total pressure after
mixing. For this application, station 3 must be assumed to be a sultable
distance downstream of the tunnel terminal shock, and hence, the subsonic
solution to the mixing equation ls the proper solution. The reasons for
this assumption are clearly illustrated in figures 5 and 6. Flgure 5
shows a Jet exhausting Into a supersonic stream. The Jet is observed
to expand slightly to satlisfy ambient static-pressure conditions, but
little mixing is observed. This is further evidenced by the temperature
profiles presented in figure 6. These profiles, which are affected by
the amount of mixing, show that the major portion of the mixing occurs
in a region downstream of the tunnel terminal shock, and hence the
requirement that station 3 be a sultable distance downstream of the
terminal shock.

Additional changes in Mach number and total pressure may be caused
by heat addition in the mixing region. Thils is usually the case in
engine testing, for excess fuel is carried out of the engine In the
exhaust jet. This fuel burns in the mixing region Just downstream of
the tunnel terminal shock. TFigure 7 illustrates this effect. Inasmuch
as little fuel is usually carried out with the exhaust gas, as compared
with the total mass-flow rate my, the magnitude of any changes due

to this burning may be emall, and in many cases can be neglected.

In appendix B, relations are derived which may be used in svaluating
the changes due to this heat addition, if a higher degree of accuracy
1s deslred.

Throughout this analysis the tunnel terminal shock was assumed to
be located in the test section downstream of the model. This represents
peak efficiency operation of a tunnel having no gecond throat. While
this is possible, most wind tumnels are not operated at peak efficlency
but are operated with the terminal shock positioned a short distance
downsetream of the start of the tunnel diffuser. If this is the case,
the results of this peak efficiency analysis must be corrected for the
additional diffuser losses. In general, however, the trends indicated
by this analysis will be unaffected. This constant-ares analysis is
not applicable for tunnels with second throats.
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EXAMPLE

Consideration has been glven to the problem of testing an engine
having an 8-inch outlet dlameter in an 18- by 18-inch tunnel operating
at a Mach number of 3.1. To be found are the effects upon tunnel
operating conditions caused by variations in T and the exit-nozzle
throat area of the engine being tested.

In this solution, the engine-air mass-flow ratio was assumed to be
unity. Equetion (11) was used to compute velues of engine pressure
recovery Pyp/Py for various values of exit Mach number M, and <.

In order to simplify the problem, it was assumed that AZ/AO =1 and

that the engine was a perfect cylinder, making the conditions at
stations O and 1 equal (see fig. 4).

With conditions at stations 1 and 2 known, the conditions In the
tunnel after mixing were obtained by use of equations (9) and (4). The
results of these computations are plotted in figures 8 and 9.

Figure 8 shows tunnel Mach number after mixing downstream of the
normal shock in the test section Mz: as a functlon of engine pressure

recovery for various total temperature ratios. Lines of constant engine-

exlt Mach number are shown. TFigure,9 shows resulting tunnel pressure
recovery P3,/Pl as a function of %he same independent variables.

Increases in total-temperature ratio, while holding elther Mz or
Po/Py constant, result in higher values of Mz: and Pz:/P;. An
increase in the engine pressure recovery, while holding the total-

temperature ratio constant, increases the tunnel pressure recovery and
decreases the value of Mgz:..

The increase in the tunnel pressure recoverles with Increasing
total-temperature ratios (greater heat addition) is explainable as
follows. Fram the theory of one-dimensichal gas flow (ref. 1), these
facts may be stated about conditions at station 3': (1) At a constant
value of total temperature, decreases in total momentum (pA(1l + 7M2))
at this station will result in increased values of Mz: and decreased
tunnel pressure recovery PS'/Pl: and (2) If total momentum is held
constant, increases In energy will result in greater wvalues of Msz:
and smaller tunnel recoveries.

In figures 8 and 9, lines of constant T are lines of constant
energy (constant Tz.). Lines of constant total momentum

(aX = constant) have been drawn on each figure. Iarger values of

3

182
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X are synonomous with greater total momentum at station 3' (eq. (4)),
as gtatlon 1 represents tunnel free-stream condltlons whlich are constant.
If changes are observed along these energy and momentun lines, the
results are seen to be In agreement with the one-dlmensional gas-flow
theory. Variations In P3|/P1 wlth changes in fuel-alr ratios are

therefore an effect of cambined momentum and energy changes.

CONCLUDING REMARKS

A one-dimensicnel analysis of the results of the parallel-jet
mlxing encountered in the testing of englnes In supersonic wind tunnels
has been reported. Thls type of analysls presents a reasonable approach
to obtalning approximate figures for the tunnel operating conditions
while the tunnel 1s still In the design stage. These figures would be
based upon the kmown tunnel gecmetry and Inlet conditlions and estimations
of the model geometry and values of the engine-performance parameters.
Additional equatlons are presented for evaluation of changes due to the
burning of excess fuel downstream of the engine-exhaust station.

In the evaluation of the properties of the engine-exhaust Jet and
the resultant (mixed) stream, it has been demonstrated that the
agssumptlions of constant CP end 9 1ntroduce no significant errors In

the flnal results.

Lewls Flight Propulsion Laboratory
Natiocnal Advisory Committee for Aeronautics
Cleveland, Ohio, January 5, 1953
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APPENDIX A
DISCUSSION OF ERROR INVOLVED IN ASSUMPTION OF CONSTANT ¢« AND Cp

In view of the wvalues of temperature associated with the testing of
engines In supersonlic wind tunnels and the variations of Cp and ¥ at

these temperatures, the assumptlon 6f constant Cp and v, as made In

the mixing solution and in the determination of exhaust-Jet properties,
appears Justifled.

To illustrate, 1t is assumed that the total temperature of the
exhaust Jet is limited to a maximum of 3000° R, a wvalue based approx-
imately on the highest temperatures which present-day materials can
withstand. It 1s also assumed that the exhaust-jet Mach number will be
greator than or equal to 1.6, a reasonable value for an engine operating
in a supersonlic stream of moderate Mach number. These factors place
an upper limit of approximately 2000° R on the static temperature of the
exhaust stream, for an extreme case. It 18 to be realized that as the
exhaust-Jet Mach number increases or total temperature decreases or both,
the value of its static temperature decreases.

In the usual supersonic wind tunnel, air is expanded to a tempera-
ture of the order of 200° R, although this figure may be decreased con-
slderably for hypersonic tunnels. Hence, the range of static temperatures
of importance in the mixing problem is from 200° to 2000° R. The mixed
stream, prior to the tunnel terminal shock, would have a static tempera-
ture greater than, but much closer %o, the 200° R figure, if supersonic
mixing existed. -This is & result of the small mass flow through the
engine (hot air) as compared with that through the tumnel adjacent to
the engine. The tunnel terminal shock may cause the static temperature
to increase by a factor of 2 or 3, but a value of 2000° R is still felt
to be an upper limlt of statlc temperature in a very extreme case.

For air, the variations in C, and 7y are (ref. 2):

t, C 4
P)

°R Btu

1b-°R

200 [ 0.2395 | 1.400

500 .2400 | 1.400

1000 .2488 | 1.380

1500 .2644 | 1.349
2000 .2776 |1 1.328

8T%2
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For 2000° R the variations in C. and 7 from the values of 200° R
are 15.8 and 5.2 percent, respsctively, although these variations decrease
rapidly for temperatures less than 2000° R. In the range of temperatures
from 200° to 540° R, both Cp and 7 are constant.

To show the effects upon the accuracy of the results of the mixing
problem when 7 and Cp, are assumed constant, the following problem
was congldered:

Tunnel size, 18 in. by 18 in.

Model size, 8 in. diam.

My = 3.1
My = 1.76
T = 550° R
To = 2370° R

100 percent

=
Q
1]

The exhaust-Jjet properties were found from these data, and then the

mixing equations were applied, both with Cp and 7 assumed constant

and with values of Cp and v dependent upon the temperature. The
latter method involved a trial-and-error solution, the detalls of
which are not presented here. A tabulation of results for both cases,
along with percentage variations, follows:

Cp,z |Variation| 7, |Variation| Mz, |Variation|Ps, /P Variation
in Cp, in 7, in M3v, in
percent percent percent P3./Pl,

: percent
Constant Cp
and y 0.2400 o6 1.400 - 0.580| ) 0.3326
Variable G, . . -6 11,
and 7 0.263 _ 1.352 0.565 " |o.3288

Large'variations.in Cp and 7y are seen to result In very small varia-
tions in the final results.
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APPENDIX B
HEAT ADDITION IN MIXING REGION

The equation governing the flow of & fluid in a constant-area channel
with heat addltion can be.written ;

Continulty equation

ol A/;+ e p'M"'\/l + 2Ly
N ]

T" :

(B1)

Momentum equation

p(1 + MB) = p"(1 + M%) (B2)

Division of the continuity equation by the momentum equation ylelds

M/V1+L—é1Mz = M ,ﬁ+l—élm"z

(1 + 2) (1 + m2)

Equation (B3), when squared, becomes

Tn 3 .
® —T) =0 (B4)
Application of this relation to the solution of the mixing problem
ylelds
T "
o (5 - -
Therefore it is seen that @ z» can be directly obtalned from ®; by
the equation
T 14
" 3
9gu = K (—_Ts ) 01 (86)

The ratio T3u/T3 is given in terms of fuel heating value and
engine combustion efficlency as

PTRZ
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B O nc(’"f)

Tz Cpl3 (B7)
where
Ti = EE.EE.El - —— (BB)
mp  Tg my g ma 1/‘ 1 4 S5
6
and

1+ okt
Tz = T _4@ (B9)

Combining equations (B7), (B8), and (B9) yields

rpe 0 15

T = (B10)
5 c Tl 1+ _‘/_)
The combustion efficiency Mg 1s given approximately as
Mg = ———P—mf ~ (B11)
— H
mg

When @z» has been evaluated, -Mzn may be cbtained from

figure 1., Choice of the subsonic or supersonic solution is determined
by the same factors discussed in relation to equation (9) or supersonic
wind tunnels.

The conservation of momentum and mass flow during the heat additiocn
process allows the use of equatione (4) and (6)- for determining pzn

and t3n, respectively, from the value of MS"’

A comparison of equations (9) and (B6) 1llustrates the effect of
heat addition in the mixing region. Since Tzn/Tz 1s always greater

than unity for such a heat addition, then ¢zu> @z, and hence .
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Mzu>Mz,. Addition of heat in the mixing region therefore causes an

increase in the subsonic Mach number at station 3. A further effect,
as Indicated in reference 1, is to cause an Increase In the entropy of
the stream, with a subsequent decrease 1n total pressure at station 3.

REFERENCES
1. Shapiro, Ascher H., and Hawthorne, W. R.: The Mechanlcs and Thermo-
dynamics of Steady One-Dimensional Gas Flow. Jour. Appl. Mech.,
vol. 14, no. 4, Dec. 1947, pp. A317-A336.

2. XKeenan, Joseph H., and Kaye, Joseph: Thermodynamic Properties of
Air. John Wiley & Sons, Inc., 1945.
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NACA TN 2918

C-31609

Pigure 5. - Photograph of 5/8-inch—diémeter jet exhausting at Mach number 1 into
supersonic stream of Mach mmber 2.07.
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Figure 6. - Temperature profiles for Jet shown in figure 5.




24 NACA TN 2918

Jet exit Upstream edge of terminal shock..
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(a) Normal mixture (mf/ma = 0.033).
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Upstream edge of terminal shock.
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(p) Rich mixture (mf/ma = 0.05).

Figure 7. - Burning of excess fuel in region of tunnel termirnal shock.
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Figure 8, - Tunnel Mach number after mixing as a function of engine pressure recovery and

total temperature ratio for constant engine mass flow.

My = 3.1; ApfA) = 0.1857; 1 = 1.4,
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Figure 9, - Tunnel pressurc recovery as a function of engine pressure recovery and total

tempsratura ratioc for constant engine mass flow. M = 3.1;

AgfA) = 0.16857; 7 = 1.4.
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